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Abstract 

For a boundary CFT to give a good approximation to the bulk flat-space S-matrix, 
a number of conditions need to be satisfied: some of those are investigated here. In 
particular, one would like to identify an appropriate set of approximate asymptotic scat- 
tering states, constructed purely via boundary data. We overview, elaborate, and simplify 
obstacles encountered with existing proposals for these. Those corresponding to normal- 
izable wavefunctions undergo multiple interactions; we contrast this situation with that 
needed for a fiat-space LSZ treatment. Non-normalizable wavefunctions can have spuri- 
ous interactions, due either to power-law tails of wavepackets or to their non-normalizable 
behavior, which obscure S-matrix amplitudes we wish to extract; although in the latter 
case we show that such gravitational interactions can be finite, as a result of gravitational 
red shift. We outline an illustrative construction of arbitrary normalizable wavepackets 
from boundary data, that also yields such spurious interactions. Another set of non-trivial 
questions regard the form of unitarity relations for the bulk S-matrix, and in particular its 
normalization and multi-particle cuts. These combined constraints, together with those 
found earlier on boundary singularity structure needed for bulk momentum conservation 
and other physical/analytic properties, are a non-trivial collection of obstacles to surmount 
if a fine-grained S-matrix, as opposed to a coarse-grained construction, is to be defined 
purely from boundary data. 
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1. Introduction 

A complete quantum theory of gravity must address non-perturbative questions. Par- 
ticularly puzzling among these regard the dynamics of ultraplanckian scattering, and of 
quantum cosmology. While perturbative string theory has addressed other problems of 
quantum gravity, particularly perturbative infinities and perturbative nonrenormalizabil- 
ity, and while significant non-perturbative structures have been investigated in the theory, 
it remains to be seen what exactly it says about these non-perturbative phenomena. 

If string theory is to describe nature, a complete non-perturbative formulation of it is 
therefore certainly needed. This is a long-standing problem, which many have advocated 
is solved by the AdS/CFT correspondence |]I|].0 

However, despite much discussion, the non-trivial question of how a lower-dimensional 
boundary theory can capture the full higher-dimensional bulk physics has remained mys- 
terious. As we will review, perhaps the best prospect is to find a close approximation to 
the bulk S- matrix from CFT data (for relevant discussion, see [|3|-p!0|), although a more 
complete description of quantum gravity would seem to also require some approximate 



notion of local bulk observables 11 



As we will describe further, a number of non-trivial conditions must be satisfied in 
order to extract an approximate bulk S-matrix with the correct physical properties; it re- 
mains to be seen whether this can be done. A possible alternative |l5|,f7i[TT[| is that AdS/CFT 
provides a kind of coarse-grained correspondence, in which the boundary theory may be 
somewhat analogous to an effective theory, without capturing all the fine-grained detail 
of the bulk theory. Indeed, while a number of interesting descriptions of boundary phe- 
nomena have arisen in exploring the correspondence, these do not seem to depend on a 
fine-grained match. And, if there were such a detailed correspondence, one would like to 
understand how the various necessary conditions are satisfied by the boundary theory - 
which would explain the proposed "miracle" of holography. 

Particularly mysterious is the question of higher- dimensional locality. While we do not 
expect a bulk theory with exact locality - indeed, some nonlocality is apparently needed 
to resolve the unitarity crisis of ultraplanckian scattering [|12[ - it should behave approxi- 
mately locally in familiar low-energy contexts, in order to describe the physical phenomena 



^ Quoting Polchinski[^, description of strongly coupled gauge theory phenomena is only 
AdS/CFT's "hobby, ... its real job is to provide a non-perturbative construction of quantum 
gravity." 
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we observe. In field theory, locality can be formulated in terms of microcausality - com- 
mutativity of local observables outside the light cone. But, without such a construction of 
local observables, one can also probe locality through properties of the S-matrix. These 
include clustering and macro causality [jl^, which state that at large separations amplitudes 
for processes decouple, and the leading order correction to this is single-particle exchange. 
Another related property is the analytic structure of the S-matrix, and particularly its 
polynomialityjl 

Thus, we should seek a construction of an approximate bulk S-matrix with these and 
other necessary physical features, purely from boundary data. The first question that 
arises is how such a candidate S-matrix emerges. As we will outline in the next section, 
we need a description both of asymptotic scattering states, and of amplitudes of the right 
form connecting them. There are non-trivial questions in formulating such scattering states 
from boundary data. If they correspond to normalizable bulk states, as described in section 
three, the failure of particles to asymptotically separate interferes with attempts to isolate 
the amplitude for a single scattering in a given "interaction region;" instead, particles can 
undergo infinitely many interactions . 

Alternatively, boundary sources can be turned on at finite times. During such times, 
the bulk wavefunction is not normalizable, and can be thought of as describing infinitely 
many particles "near infinity." This raises questions of how to formulate unitarity, and of 
other such spurious interactions between particles contaminating the amplitudes we want. 
One approach to this, described in |^,|^ and refined in section four, is to consider sources 
with compact support. These, however, generically have power law tails, resulting from 
singular behavior at small momenta, and limiting their resolving power. 

We are therefore led to confront the issues of non-compact boundary sources in sec- 
tion five. We find that the gravitational interaction is special, in that it exhibits finite 
interactions between non-normalizable wavefunctions, due to gravitational redshift as the 
boundary of AdS is approached. (In order to show this, we find and correct an error 
in the derivation of the graviton propagator given in [|16|.) Nonetheless, there remains 
the possibility of finite interactions confounding attempts to extract S-matrix amplitudes. 
We construct a new type of state, which we call "resonant" wavepackets, illustrating this 
behavior, in section six. Specifically, this construction allows us to create an arbitrary 
bulk wavepacket from a boundary source at finite time. However, two such wavepackets 



For further discussion of tliese questions see 1 14,15]. 
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that are designed to scatter in a specified interaction region will also generically have con- 
founding interactions in an image interaction region, while the wavepackets are being built 
up. While we have not quite proven a no-go theorem for construction of appropriate scat- 
tering states without spurious interactions, this discussion gives additional illustration of 
the general problem of isolating desired scattering amplitudes from those of such spurious 
scatterings, due to limitations on our control of bulk states via the boundary theory. 

Another critical property for a candidate bulk S-matrix is unitarity. While it is com- 
monly stated that boundary unitarity implies bulk unitarity, the origin of the unitarity 
condition for the bulk S-matrix, iS^S" = 1, is not obvious from the boundary perspective. 
We examine this question, assuming (in contrast to the preceding story) that there is some 
construction of bulk scattering states in terms of boundary operators. While factorization 
on a single-particle intermediate state has a parallel in the operator product expansion, 
perturbative unitarity also implies various non-trivial cuts, beginning with two-particle in- 
termediate states. We outline another mystery of a proposed fine-grained correspondence, 
which is the possible origin of such cuts, from the boundary perspective. 

This paper closes with a summary of such constraints on attempts to derive a bulk S- 
matrix from the boundary theory; these also include the ones described in P] , where it was 
shown that special kinds of singularities are needed in the boundary correlators in order to 
reproduce bulk momentum conservation and long-distance gravitational Born-scattering 
behavior. The combined weight of these constraints raise serious questions about viability 
of the proposal to extract detailed bulk physics from the boundary theory. 

2. The question of a fine-grained correspondence and the flat S-matrix 

The most straightforward and common interpretation of the AdS/CFT correspon- 
dence is as an equivalence between quantum-mechanical theories describing bulk and 
boundary physics. Thus, the correspondence should be described as a map between the 
Hilbert spaces of the two interacting theories. 



that is one to one and onto, and unitary. 

The Hilbert space T^s is proposed to be that of interacting string theory with asymp- 
totically AdS boundary conditions. If this is the case, we expect certain kinds of states 
to be present in this Hilbert space. In particular, consider the situation where the AdS 
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radius is ~ 10^'^ light-year, and the string couphng g is smaU but finite. A complete 
bulk Hilbert space is then expected to include states that at a given time look like a pair of 
wavepackets for two particles, each with energy 3.5 TeV , separated by km-scale distances, 
and individually well-localized to scales much smaller than this separation. Indeed, such 
a state is what is needed for a description of an LHC collision,!! and we expect description 
of such a state to be essentially independent of a curvature radius of cosmological scales 
- very sensitive measurements are needed to determine this vacuum curvature. By giv- 
ing the quantum amplitudes relating ingoing and outgoing states of this kind, AdS/CFT 
would then determine a very close approximation to the fiat space S-matrix, or an inclusive 
version accounting for the usual soft photon/graviton divergences in D = A. We will refer 
to the region in which we wish to isolate such scattering amplitudes, which is small as 
compared to the AdS radius, as the interaction region. 

An essential question is whether this is indeed the case - that there is a fine-grained 



correspondence (|2.1|) permitting us to study localized bulk states and in particular the 
S-matrix in the fiat-space limit. Since one would like this to serve as a definition of string 
theory in AdS, in terms of the more-familiar boundary gauge theory, such a question 
needs to be addressed under the assumption that one ultimately only has direct definition 
and control of quantities in the boundary theory. If the answer to this question is yes, 
then one would like to infer the properties of the boundary theory responsible for various 
behavior of the bulk theory; a particularly puzzling question is how familiar locality of the 
higher-dimensional bulk is (approximately) encoded in the boundary theory. 

In a familiar QFT description via LSZ, elements of the fiat-space S-matrix take the 
general form 

= / n [d^^^^i.^^)] Gt{x,) , (2.2) 

where the tpi are scattering states living in the appropriate free Hilbert space for asymptotic 
particles, and Grixi) is an amputated Green function. So, to give a good approximate 
match to such a description, one needs both a way of constructing, via the boundary 
theory, an appropriate space of scattering states, and a resulting 5'['0i] with certain prop- 
erties needed to closely approximate familiar physics. These include momentum conserva- 
tion (perhaps up to accuracy ~ 1/-R), and other observed features, such as long-distance 
Coulomb scattering behavior, etc. Some of these features of the gravitational S-matrix 



^ Of course, here one also has spacetime dimension D = 4, but if AdS/CFT is to be useful for 
defining string theory, we need a close parallel to the case of AdS^ x S^. 
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are summarized in [15|. Or, one might imagine that as an alternative the boundary the- 
ory directly defines quantities that closely approximate the bulk S-matrix, without the 
intermediary of describing precise scattering states. 



Part of the AdS/CFT conjecture, as elaborated by |ir7| , p!8| ,|3|fl] , is that quantities like 



( p.2| ) arise from correlators of boundary operators Oi smeared against boundary sources 

' UidbJMOiih)]) , (2.3) 

CFT 

where the bi denote boundary points. But, in the details of such a construction one 
encounters multiple questions.S 

In particular, detailed aspects of the relation of ( p.3|) to (|2.2| ) can be investigated in the 
case where one assumes that one has a bulk field theory {e.g. supergravity) approximating 
string theory. This theory can be used to construct boundary correlators, via the map 
proposed by Gubser, Klebanov, Polyakov, and Witten (GKPW)|l^,|l8[, and then one can 
ask whether bulk quantities such as ( |2.2| ) can be recovered purely from these boundary 
quantities, without additional assumptions about details of bulk physics. 

Let us recall basic aspects of this construction.S If (/> is a bulk field of mass m, its bulk 
correlators determine correlators of the corresponding boundary operator O through the 
formula 

(C(6) ■ • •) = (2A - rf)i?(^-i)/2 lim (cosp)-^((/)(r,p,e)---) . (2.4) 
Here, b = (r, e) denotes the boundary coordinates, and the full bulk metric takes the form 

ds^ = ^(-dr^ + ^sin^prfO^ N _ (-2 5) 

cos^ p 

The conformal dimension A of the boundary operator is given by 



^ ^ d±Vd^+4m^R^ ^2 6) 



^ Note that while |1£] argues that this construction defines a "boundary S-matrix" for AdS, at 
present we are inquiring whether the boundary theory approximates detailed data of a flat space 
S-matrix. 

^ Many useful formulas can be found in 0], though we will convert to the conventions of 0]. 



Conversely, integrating 0{b) against a boundary source f{b) produces a specific bulk 
wavefunction. This can be determined from the bulk boundary propagator, which is a 
limit of the bulk Feynman propagator! Gb, 



G'Ba(6',x) = (2A-d)i?(^-i)/2 lim (cosp')"^G's(x', x) , 



p'^.7i-/2 



(2.7) 



as in (|2.4| ). Specifically, one finds 



tl;f{x)= / db'f{b')GBa{b',x) 



(2.8) 



For a general source / this wavefunction is non-normalizable, with asymptotic behavior 



Here we see the origin of part of the problem of extracting the S-matrix. In QFT, one 
can give a particle- number current, which for a scalar is the Klein- Gordon current. 



For the wavefunction t/^f, the particle number integrated over a surface of constant r = tq, 
with surface element dE^ = d'^x^fgdJi^, 



is infinite if /(tq, e) 7^ in some neighborhood on the boundary. An explanation of this 
is that there are infinitely many i?-sized volumes "at infinity" in AdS, and for a solution 
with behavior ( p.9|) , these will contain infinite particle number. If, in order to extract the 
S-matrix, one is trying to focus on a single scattering event of a pair of particles, in a 
specific -R-sized interaction region which by convention we can take to be the center of 
AdS in coordinates ( p.5|) , there is a potential for contamination of the scattering ampli- 
tude from scatters of the infinitely many other particles. Indeed, one might be concerned 
that generically one finds infinite scattering amplitudes 0, and that the sources fi(bi) for 
scattering states consequently must be chosen with some care. 

^ The Feynman prescription naturally arises when describing the bulk interactions encoded in 
(|2.2| ) perturbatively. 




(2.9) 



(2.10) 




(2.11) 
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In the free theory, g = 0, there is a natural way to circumvent this problem: take the 
source / to only have support in the far past. In that case, it produces a normalizable 
solution. A basis for such solutions can be written pO| , |2T[] 



(t>nlrn{x,T) = Xnl{p)Ylrn{e) = ^^^^(x)— =^ . (2.12) 

Here n is a principle quantum number and x a radial wavefunction, Yif^ie) are spherical 
harmonics for the appropriate dimension, and further details are given in [Q. These have 
normal- mode frequencies 

a;„z=A + 2n + /. (2.13) 

Sources can be constructed ,0 with support purely in the far past, that create a general 
normalizable wavepacket 

^(^) = ''Y^Cnlm.4>nlrh{x,r) . (2-14) 
nlrh 

In the limit R — )■ oo, with fixed bulk energy u = Uni/R, the radial wavefunctions are 
well approximated by Bessel functions (see 0), and one can thus closely approximate an 
arbitrary and perfectly well-behaved flat-space wavepacket. Notice an important property 
of such wavepackets: they are precisely periodic (up to an overall phase) in r with period 
27r. Thus, such a focussed wavepacket or its mirror image precisely refocusses at r intervals 
separated by ±7r. In terms of proper time at the center of AdS, the periodicity is 2'kR. 

For small coupling, (7 ^ 1, one naively expects merely a small, perturbative, depar- 
ture from this story, thus allowing us to formulate the S-matrix for non-zero coupling. 
Unfortunately, this expectation appears unfounded. 



3. Normalizable states and multiple interactions 



See sec. six for an explicit example. 
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Fig. 1: AdS behaves like a gravitational "box" of radius R; normalizable 
states correspond to particles confined to the box, which undergo multiple 
collisions. 

The basic issue with normahzable wavepackets is that they don't asymptoticaUy sep- 
arate; instead, due to the periodicity we have noted, two free particles that pass close to 
one another once will pass at the same distance an infinite number of times, as pictured 
in Fig. 1. This suggests that even a very small interaction does not have a small effect on 
the amplitude to go from a given initial state to a given final state. Put differently, if one 
is trying to set up a physical situation with an incoming state like that for LHC collisions 
described above, and find the amplitude to scatter to a similar outgoing state, one needs 
to know that one can isolate the scattering amplitude for this collision, without important 
contributions from other past or future scatterings contaminating the amplitude. 

In an interacting field theory in fiat space, a careful treatment of scattering theory, 
such as that of Haag-Ruelle or LSZ, is needed; let us explore the analog of the latter in AdS. 
With nonzero coupling, ( |2.1| ) would be a map between the Hilbert spaces of the interacting 
theories. One would like to construct asymptotically two-particle scattering states of the 
kind described above. If there are one particle states of the interacting theory, which we 
denote | A, n, I, fh) with quantum numbers corresponding to those in (|2.12|) , a well-localized 
wavepacket corresponding to one of the particles can be chosen by taking an appropriate 
superposition. 



The question is how to construct the appropriate two-particle normalizable state. 





n,Z,m 



8 



First, let us return to the free bulk theory, with fields normalized such that 



{A,n,l,m\4>{x)\0) = NiA)r^i^{x) . (3.2) 
The state ( p?T|) has wavefunction given by 

(O|0(x)|/)=iV(A)^^(x) , (3.3) 
which is a superposition of basis solutions: 

= Cnlrn(pnlrn{x) ■ (3.4) 

nlm 

The state ( p.l| ) can be created using operators 

aiiT) = ^J^dT.^rfiK<t>- (3-5) 
Then, the desired two-particle state of the free theory is 

4i4J0)- (3.6) 



In the interacting theory, with normalization (|3.2|) for the interacting (Heisenberg 
picture) field, in parallel with the LSZ procedure one may again use ( p.5|) , with A corre- 
sponding to the single-particle mass in the interacting theory, to create a single-particle 
wavepacket. In doing this, one takes the limit r — t- — oo in ct/(T). The reason for this is 
that the interacting field ^(x) can also create multi-particle states. In conventional LSZ, 
the limit projects onto the one-particle component, and we will assume there is no problem 
with this here. In the AdS context, this is also important because we want to consider 
normalizable states, without turning on sources at finite times. Thus, following the usual 
LSZ procedure, we might propose that (|3.6|) is the desired two-particle state, where 



ar = lim af(r) . (3.7) 

r— — oo 

We can diagnose the behavior of the interacting state ( p.6| ) through 

{Q\(t>{x{)(t){x2)a\a\^\Q) ; (3.8) 



which should then give the desired locahzed wavepackets. To check this via perturba- 
tion theory (connecting with the Feynman rules) the standard procedure is to switch to 
interaction picture. The interaction-picture evolution operator is 

t^/(r2 -n) =Texp|-z^ 'rftif/(r)| , (3.9) 

where Hj{t) is the interaction hamiltonian due to the coupling. The interaction-picture 
field is 

(Pi{x) = Ui{T)(P{x)Uj{T) . (3.10) 
Eq. (|3.8|) then becomes (assuming equal times = t for xi, X2) 

(0|c/)(a:i)</>(x2)4^4jO) = ,hm (0|t/;(r)</>K^i)</'/(^2)t/,(r-r')alj, (r')«l (r )f//(r') |0) 

(3.11) 

Recall that the interaction-picture fields satisfy the free-field equations. In fiat space, 
appropriately chosen wavepackets will experience interactions described by Ui{t — r') 
only in our given interaction region; otherwise the wavepackets are widely separated and 



effectively non-interacting. But, in AdS eq. (|3.11| ) and its corresponding Feynman diagrams 
exhibit the problem: the particles incident from the infinite past experience the infinite 
number of interactions described by Uj{t — t') and pictured in Fig. 1. Thus, if the /^'s were 
chosen to produce the desired wavepackets in the free theory, they do not in general do so 
taking into account these interactions, which can furthermore produce more particles. 

For this discussion we have assumed we can make use of field theory in the bulk. If 
we are trying to formulate purely in the boundary theory amplitudes corresponding to 
transitions between states like (|3.6|) , we might imagine that they are of the form ( |2.3|) , 
with appropriate sources turned on in the far past and future. But, there is no apparent 
reason we would have better control over the state appearing in the required form, with 
incoming localized wavepackets at a given finite time, if we indeed work directly with the 
boundary description of the state. 

One recent suggestion is that the bulk S-matrix can be defined via anomalous 
dimensions of double- (or higher-) trace operators. It is not surprising that in cases where 
one starts with a bulk theory, one can see features of the reduced transition matrix elements 
in the correlators and anomalous dimensions - such as their growth with the coupling, etc. 
- as is found in |^ and However, this does not yet determine the fine-grained S- 
matrix between appropriate scattering states; indeed from the bulk perspective, operator 
dimensions in the CFT are expected to receive contributions from the multiple scatters in 
the bulk. 



10 



4. Boundary compact wavepackets 

To avoid the "multiple-collision" problem, one can consider particles incident from 
the boundary, as was done by Polchinski|0] and SusskindQ]. As noted, a generic boundary 
source will produce a non-normalizable wavepacket, with the potential for interactions 
outside of our chosen interaction region. We will discuss these questions in greater detail 
below, but we may initially try to avoid them by restricting the support of the boundary 
sources to small regions. 

Specifically, proposed using such "boundary compact" wavepackets. Consider a 
source of the form 

/(6)=L(r,e)e±^-^- , (4.1) 

where L(r, e) is sharply peaked near a point bo = (ro,eo), with widths St and 69, and 
has compact support, and oj gives the typical energy of the wavepacket seen by a central 
observer at p ^ 1. For such narrowly-peaked sources (compact support or not), a simple, 
explicit expression can be found for the corresponding wavepackets in the fiat region p ^ 
1, generalizing This follows from a Schwinger-like expression for the bulk-boundary 
propagator [[7|, 

, (cos p)^N 

GBd{b',x)= ^i^d-i)/2 J c^CKCK^""'^ exp {ia[cos(|r — r'l — ze) — sinp e ■ e']} , (4.2) 
where 

N = ''AjiA (43) 

In order to describe the wavepacket in the interaction region of size ^ R, one uses a 
choice of coordinates that become local fiat coordinates in that region. One choice, used 
in ID and 0, is 

t' = Rr , r' = Rp . (4.4) 
However, we find that we can reduce the deviations from the desired fiat- space wavepack- 



etsB with a different choice 11 



t = — i? cos(r — To) , r = i?sinp (4-5) 



in which the metric takes the form 

1 / dt^ dr'^ 



This can be seen by comparing the expansions in 5t, in the two coordinate systems. 
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This is a good approximation to the Minkowski metric for t,r <^ R. 

The bulk wavepacket arising from ( |2.8D and ( f4.1D can then be expressed as a su- 
perposition of plane waves in the flat coordinates; we moreover set a = kR to write an 
expression [1TT| 

ijf=[ k^-^dk ! de' F{k,e',t,r)e-'^^-'^^'-'' . (4.7) 



Here, 

A/2 



F{k,e\t,r) = ^ ^^(^Ti'/f.l j rfr7(&')e'''''['"^'"""''""^"'"^"""°^] ■ (4-8) 



In the case of narrowly-supported /, we can expand the exponent of ( ^7^ ) about 
r' = To, which gives 

F{k,e',t,r)= ^^^,J/Za j dTe^^^^^^^-^^+-)f{rre'){l + 0[kt{r-Tof]] . 

(4.9) 

For t/R <^ 1, r/R 1, this simplifies further to a momentum-space shape 

^(^) - Ria+%2-A I die^''f{ro + -|, -k) , (4.10) 

independent of t and r: the bulk momentum-space wavefunction is the Fourier transform 
of the boundary source, with time conjugate to magnitude of the momentum. 

Such wavepackets do not have the usual analytic behavior in the momentum k. Specif- 
ically, a regular function in k has behavior ~ k^Yi^(k) at /c = 0, and a common stronger 
requirement, for a "regular wavepacket" ||22|| , moreover requires vanishing support in a 
neighborhood oi k = ci Alternatively, for massless particles, scattering theory can be 
based on wavepackets with compact support in position. One generically does not achieve 
these behaviors with the compact / we have described of the form ( |4.1D . Indeed, while 
wavepackets may be arranged with characteristic widths 

5t ^ RSt , 5x^ ~ l/5p^ ~ l/{uj6e) , (4.11) 

outside these ranges [0 argues that such wavepackets fall off only as a power law, 

V^/~l/r^, (4.12) 



^ In order to obtain a complete space of wavepacket states that are regular at = 0, one 
might try boundary /'s of the form (9r)'5'(T)yi^(e), where the 5 are suitably-chosen compact 
and /-times differentiable functions {e.g. as in j^). We leave such explorations for further work. 
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in both longitudinal and transverse directions. 

An obvious concern is that such tails can make unwanted contributions to scatter- 
ing behavior. As an extreme example, consider the collision of two wavepackets with 
ultraplanckian center-of-mass energy. Even with the tails, two such wavepackets can be 
well-enough focused in impact parameter to form a black hole with significant probability. 
Specifically, the energy u can be increased, at fixed 5t and 5x±, so that the Schwarzschild 
radius Rs{uj) is much larger than these widths. However, there remains some probability 
for particles in the tail of the wavepackets to scatter at impact parameters larger than 
Rs{u)): avoiding black hole formation. In contrast, with Schwartz wavepackets, the latter 
amplitudes can be made exponentially small in a power of the scattering energy. 

This appears to be relevant for correct description of S-matrix elements in the black 



hole regime. It has been argued (for further discussion in this context see [p3| , |14| , p!5|] ) that 
the amplitudes to specific final states of Hawking radiation from such a black hole are 
of order ex.p{—S/2}, where S ~ ^(^-2)/(d-3) ^^iq Bekenstein-Hawking entropy. The 
"meat" of the very important problem of information in black hole formation/evaporation 
then lies in understanding the origin of precise relations between these amplitudes needed 
for unitarity. In particular, the two-to-two amplitude is expected to be exponentially small 
in S. But, with power-law tails, one can have a larger contribution to the amplitude from 
the particles that "miss" the black hole region. This is an example of potential problems 
of resolution arising from such tails; ref. also discusses how such tails can obscure 
Rutherford-scattering behavior. 

A related question is the origin, from the boundary perspective, of various detailed 
scattering behavior expected for the bulk S-matrix. First of all, the bulk S-matrix should 
conserve momentum (up to ~ 1/R corrections); found that this can arise, in a plane- 
wave limit for wavepackets, if the boundary correlators have a certain kind of singularity 
structure whose origin is rather mysterious from the perspective of the boundary theory. 



The S-matrix should also have other features reviewed in [|15[; for example, in the case of 
ultraplanckian scattering, at large impact parameters the scattering should be well approx- 
imated by the Born amplitude ~ Gs'^/t, and then at shorter distances one expects onset 
of eikonal and then strong gravity/black hole behavior. From the boundary perspective, 
it is not at all clear what could be responsible for these transitions in behavior. 

13 



One way to approach this problem is to investigate the boundary appearance of the 
scattering wavepackets (|4.10| ). Extending arguments in 0], we find that in the state created 
by (^4.1|) , the corresponding boundary operator has a correlator 



(4.13) 



For a sharp boundary source, this boundary signal (which is linked to the bulk tails) 
propagates as a ring, first expanding and then contracting, around the boundary. In the 
collision of two such signals, the question then becomes that of how adjustment of the 
boundary wavepacket corresponding to changing the bulk impact parameter leads to the 
scattering transitions described above. 

Of course, we would prefer to examine this dependence for more familiar scattering 
states. It is instructive to understand the kind of boundary source needed to produce such 
a state. As an example, consider a gaussian. 



Fik) 



g — l/c-XQg 2(Afc)^ 



(4.14) 



Inversion of the Fourier transform in (|4.10|) gives 



/(r,g) 



2tvN 



exp 



(AA;)^ 



R{ 



T 



e ■ xo 



iko ■ e 

IKky 



A-2 



2{Aky 



(4.15) 

Note in particular that a shift of impact parameter corresponds to xq xq + b, with 
b -L ko- However, the source (|4.15| ) is not well- localized on the boundary, and if one wishes 
to use such sources one needs to address the questions that they pose. Compact support 
wavepackets are even more puzzling, as under the map (^]3) they have vanishing signal on 
the boundary 0. 



5. Issues for non-normalizable states 

As described above, at a time r where a boundary source f{b) has support, the 
corresponding bulk field has non-normalizable behavior, (p. 91) , which as we have explained 
can be thought of as describing an infinite particle number. Thus, sources without compact 
support generically do not create states in the original bulk Hilbert space, and this raises 
questions about how such sources can be used. The first potential problem is that of 
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unwanted interactions, due to the large integrated amplitude in the infinite regions near 
the boundary; a second is that of how to formulate a physical unitarity condition in the 
bulk. 

To see the question of interactions, consider contributions to a scattering amplitude 
with nonnormalizable sources. Following the rules of [1T7| , p!8[| (which one might derive 
from an interaction-picture treatment like in section three), and considering for example a 
trilinear scalar interaction, we expect for example to have expressions of the form 

j dV ijjNN'^NNGBulk , (5.1) 

where a bulk Green function, with normalizable behavior, is integrated against a pair of 
non-normalizable wavefunctions. This can produce a divergence near the boundary, which 
corresponds to infinite interaction amplitude there. 

However, the gravitational interaction is special, since its effective coupling is the 
energy. More exactly, the (super)graviton couples through the (super)stress tensor. For a 
state with a fixed bulk energy oj at the center of AdS, like those discussed in the preceding 
section, the proper stress tensor seen by observers near the boundary redshifts to zero as 
the boundary is approached. This is easily seen by writing the metric ( |2.5| ) in terms of a 
vielbein ej^, giving the local proper stress tensor 



'-ab 



e^aelT^u . (5.2) 



This results in an extra factor of cos^ p in the proper stress tensor, due to this red shift. 

One also needs the behavior of the graviton propagator. This is gauge dependent, but 
one can bound its falloff at the AdS boundary by finding a gauge in which it exhibits a 
particular falloff. (Exhibiting a particular falloff does not guarantee that there is no gauge 
with faster falloff.) Specifically, we can use the expressions derived in [jl^. There, the bi- 
tensor structure of the propagator under the isometry group SO{d, 2) of AdSd_|_i was used 



to decompose it into invariant components; []T6[ treats the case of AdSs. This produced 



five terms, which are products of an invariant bi-tensor O^^^ and a scalar function of the 
geodetic distance w, Giiu). A convenient gauge for the metric perturbation 5g^i, = h^^, is 
the "Landau gauge," 



The authors of [If:] found algebraic relations amongst the functions Gi by imposing 



the gauge conditions, which reduce the problem to solving a single ODE. From their 
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construction one finds that all of the functions Gi fall as at large u, which corresponds 
to one of the endpoints approaching the boundary. This follows once one corrects their 
formula (5.48), which should read 

G,(x) = -4{x - If (^^g"{x) + -g'{x) + g{x)) , (5.4) 

\n{n + 1) n J 

where x = f + 1. This correction is needed for the propagator to satisfy the gauge 
condition, and also to be consistent with with the Fefferman-Graham form of the metric 



in an asymptotically AdS space [24 



ds^ = ^^(-dr^ + dp^ + sm^ pdn^)\l + 0(cos^ p)] . (5.5) 
cos^ p '- -' 

The falloff behavior 1 /u^ corresponds to the behavior 

{habhcd) ~ cos^p (5.6) 

of the metric propagator components in a local frame, as one of the points approaches the 
boundary. Note that this behavior is the same as the falloff for a massless scalar field. 

Combining these results, the p integral in ( |5.1J ) for gravity in AdSs now behaves 
asymptotically as 

^ / ^^(cosp)2('^-^)cos6p, (5.7) 
J cos° p 

and in particular is convergent for the massless case d = A. Even though this discussion 
indicates that interactions are not infinite (for small enough mass) due to non-normalizable 
behavior, in any specific proposal for construction of states with non-compact sources one 
must also check that the finite interactions of particles outside of the interaction region 
are not significant. 

As noted, another potential issue with non-normalizable solutions is that of formulat- 
ing a unitarity condition for the bulk S-matrix. The statement 5'^5' = 1 is well- formulated 
on a Hilbert space of states; for example one may pick a basis of such states, and write it 
as a matrix relation, Sf- = 5f. But, it is less clear how to formulate it on states or 
wavefunctions without a finite inner product. 

Before returning to the latter question in section seven, it is instructive to try to take 
advantage of the finiteness ( |5.7|) of gravitational interactions for non-normalizable wave- 
functions to find boundary sources with weaker restrictions on their support, but which 
produce states that are normalizable after a given time. Study of such an intermediate 
construction sheds more light on the restrictions on construction of scattering states. 
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6. Resonant wavepackets 

To avoid the complications of non-compact boundary sources, which do not produce 
normahzable states, section four considered sources with compact support. However, these 
were found to have power law tails. The preceding discussion suggests, however, that we 
might relax restrictions on the boundary sources. To avoid questions of normalization, we 
will assume that the source turns off and we have a normahzable "in" state after a specific 
time, and in particular in the interaction region, but we might allow source support that 
is non-compact (or non-compact in the — ?■ oo limit) prior to this time. (For "out" 
states, we reverse the time.) In particular, we will find that we can construct an arbitrary 
normahzable wavepacket ( ^.141 ), after a given time taken without loss of generality to be 
r = 0. Eq. (|5.7| ) ensures that such overlapping sources do not lead to divergent interactions, 
but we do need to check for possible relevance of the resulting finite interactions. 

Specifically, consider boundary data f{b) with support only for r < 0. It is possible 
to take advantage of the resonant structure of AdS to build such a wavepacket in half an 
AdS period.0 Let us write f{b) in terms of modes on the boundary, 

f{b) = [9{t + Tt) - e{T)] J2 fnlrnYlrn{e)e-'^-'^ . (6.1) 

The bulk wavefunction -i/^j- is then given by (^ 
i^fi^) = j db' f{b')GBd{b' ,x) 

, ^ ( du^ fcnZy;rn(e')*</'nZ^(x)e^-(-'-) 



nlm 



i2A -d)R^'^-'y'f dr'J de'm /^E 

^ nlm 



^li - ^2 - ze 



d^^{d—l)/2 f fn'lrhknl4'nlm{x)e 

nn'lrh 



= z(A-^)i?('^-i)/2 5^ / (ir^ ^"''"^^""^"^"^^^^^ " [e{r'-r)e 



(6.2) 



where we use the mode-expansion [|| for the bulk boundary propagator, and 



e±^"" l2uni lT{A + n + l)T{A + n + l-d/2) 



r(A + 1 - d/2) V R'^-^ V r(n -f / d/2)V{n + 1) 



(6.3) 



10 



Or, if desired, one may use more such intervals. 
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For r > > r', only the second term in ( |6.2|) contributes. Making use of the fact that 

r-O pO 

^^'^^i^^l-^^n)r' = cir'e^^"' TT^w , (6.4) 



we find 



^Pfix^r' > 0) = V27rz(A- ^)i?(<^-i)/2%^</>.,^(a:) . (6.5) 

nlm 



Thus, if we take 



we can indeed produce an arbitrary normahzable state ( |2.14| ) for r > 0. 



Note that in the hmit — )■ oo, the boundary source (|6.1| ) becomes non-compact in 
bulk physical time t = Rt. This behavior, which is not present in the earlier boundary- 
compact wavepackets of [§1,0] , allows the construction of arbitrary, and in particular, reg- 
ular, wavepackets in the interaction region. 

Note also that if we push f{b) infinitely far into the past by shifting t ^ t — T, 
T — !■ — oo, then we have an explicit construction of the free {g = 0) operator-state cor- 
respondence, in which normahzable states in the bulk correspond to states in the CFT 
by the AdS/CFT dictionary. From the boundary perspective, this is clear, since after a 
conformal transformation from the cylinder to the plane, shifting the source f{b) into the 
infinite past maps to localizing the operator at the origin in radial quantization. 




Fig. 2: A resonant wavepacket is built up by a boundary source acting during 
the half-period indicated by the dark bars. During this time, as is described 
in the text, the wavepacket grows in amplitude to the final value. 
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While the resonant construction gives arbitrary normahzable wavepackets for r > 
0, and while the results of the preceding section ensure that interactions of two such 
wavepackets will not be infinite for r < 0, we still need to check whether the interactions are 
significant. Specifically, the source is turned on for a long time to build the wavepackets, 
so if the wavepacket is built slowly over time, there is a possibility of an analog to the 
multiple scattering problem outlined in section three. For an illustration of some features 
of resonant wavepackets, see Fig. 2. 

First consider the behavior in the far past, before any sources are turned on. In this 
region the bulk wavefunction is purely negative frequency due to the causal properties of 
the Feynman bulk-boundary propagator. Thus, any interactions before the sources are 
turned on do not contribute to the physical scattering amplitudes. Furthermore, in the 
case of resonant wavepackets, it is clear from the form of ( |6.2| ) that if A is an integer, t/jf 
vanishes identically. 

However, once the boundary source is turned on, both positive and negative frequency 
modes are present; then there can be secondary interactions contributing to the total 
amplitude, hindering our attempts at isolating a single, well- localized scattering event. Of 
particular concern is the possibility that the wavefunction will have significant support, and 
comparable to the size of the final wavepacket, at an "image" interaction region, seperated 
by a half-integer number of AdS periods from our desired interaction region. As we have 
noted, in the free, sourceless theory these regions are of particular concern because the 
wavefunction is exactly periodic. 

For example, in the case of the resonant wavepackets described by ( |6.2|) , we might 
worry that, if we choose the time of the interaction region to be r ~ 7r/2, at the image 
r ^ — 7r/2, t/^f will be of the same size as it is at the interaction time. This would generically 
produce such secondary contributions to the total scattering amplitude. 

We examine this case in detail; while the source is turned on, — tt < r < 0, we find 



nn'lrn 



ny/2uin'l ^nlkn'l 



Cn'lm l^n'lknl 



— lUJnlT 





(6.7) 
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By considering the cases n = n' and n ^ n' separately, this solution for — tt < r < can 
be written as a sum of three terms, V'/ = "^^/^^ '^f^^ ^Z*^''' "^^^^^ 



nlrn 



= 5^ O^"'"" [(l^nlrhix) - (t)*ulrh{x)] , and 
nlm 

i(C) \ ^ Cn'lm ^n'lknl , . 

^ 7^= T—(Pnlrn{x) 

n^n' ,lm 



(6.8) 

The first contribution if)^^^^ is exactly the kind of term that concerned us. Specifically, we 
see that the wavepacket builds linearly in time starting from when the source is turned 
on. Thus, at time r = — 7r/2, the term V'/"^'' will be half the magnitude of ipf^x^r = 7r/2), 
and is equally-well localized as a wavepacket in the center of AdS. If we try to build two 
wavepackets of this form to scatter at time r = n/2, then we will find a contribution to 
the amplitude of the same magnitude coming from this refiected scattering in an image 
interaction region. 

Of course, this presumes that V'/^^ and il>^f^^ do not destructively interfere with V'/^^ 
and eliminate the problem of secondary scattering. We can check this, in the large-i?, 
fixed-w limit relevant for fiat-space physics, 

/•OO 

ujni^ooR ; Rduj/2 . (6.9) 

Indeed, the second term ipj, vanishes in this limit. Turning our attention to the third 
term, consider specifically r = 0, which projects on Z = 0. Using the asymptotics of k^i 
(see 0], eq. (A. 47)) and performing the integrals over oj gives 



g-ia;„o(T+7r) 



[r(l - A, -i7vUno/2) - r(l - A, -iunoir + 7r/2))] . 

(6.10) 

Then, using (|6.9D again and the asymptotics of the incomplete gamma function gives 



d-2 



[-inRui/2]^ [-iui{t + nR/2)]^ 
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This has additional power- law falloff ~ l/[u{t + TxR/2)]^ in time, so is generically not of a 
form to destructively interfere with the reflected wavepacket V'/^'*- Moreover, the resulting 
non-normalizable behavior introduces the possibility of further interactions, for example 
between the tj)'^'-'^ components of two waves. A non-trivial (and so-far unexplainable) 
cancellation would be required between the different scattering contributions to keep their 
effect from competing with scattering in the interaction region. 

One might be concerned that the magnitude oiipf is infinte at x = 0, r = — 7r/2. This 
divergence is an artifact due to the sharp turn-on/off of the source at times r = — 7r,0, 
which could be smoothed out by smoothing the theta functions in (|6.1|) . Of course, this 
then complicates the problem of precisely constructing a desired arbitrary bulk state. 

Indeed, one could in fact consider more general behavior than our specific resonant 
wavepackets, where the source is for example turned on more gradually, or even over infinite 
time. However, our construction exhibits what appears to be general features: in addition 
to the non-normalizable fall-off, such sources will also produce a wavepacket in images of the 
interaction region, that is of size comparable to the final wavepacket. Extending the source 
over longer times only gives more opportunity for secondary interactions, contaminating 
the amplitude for the primary event in the interaction region. 



7. The question of unitarity 

Turning to another general consideration, the common statement that unitarity in the 
boundary theory ensures unitarity of the bulk theory is one worth further examination, 
particularly given hopes that this would play a role in resolving the unitarity crisis (or 
black hole information "paradox" ) in gravitational scattering. 

First, the meaning of unitarity in the boundary theory is clear: if it is a field theory 
with a hamiltonian, as with A/" = 4 super Yang-Mills, there is an evolution operator 
U = exp{— zrif} satisfying 

U^U = l. (7.1) 

Then, if there is a unitary map (|2.1|) between Hilbert spaces, and such that flat-space 
scattering states and an S-matrix can be extracted in a controlled approximation, this 
should obey bulk unitarity 

S^S = 1 (7.2) 

in that approximation. 
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As we have stated, for non-compact sources, which produce non-normahzable bulk 
configurations we might refer to as "pseudostates," we do not have a map ( |2.1| ). Moreover, 
the non-normahzabhty hinders formulation of the unitarity condition ( |7.2|) . For example, 
in a theory with a small expansion parameter, we commonly decompose 

S = l + ir, (7.3) 

where T vanishes in the limit of small coupling. In a Hilbert-space context, the unitarity 
condition ( ffT^ ) at zeroth order in the coupling is then the statement that 1 = 
squares to one, via the orthonormality condition (/| J) = Sij. We do not have this structure 
without a space of normalizable states. While one could attempt to regulate the non- 
normalizable behavior through a UV cutoff in the boundary theory, it is not clear how to 
do so in a way that is intrinsically formulated in that theory, yet yields sensibly-regulated 
physics from the bulk perspective.0 

If there is a construction of appropriate asymptotic states that gives a good approx- 
imation to a physical bulk S-matrix, an interesting question regards the possible origin 
of the bulk unitarity condition ( [7.2|) . Schematically, as we have indicated, the suggested 
correspondence is between certain correlators (perhaps involving integrals of boundary 
operators against particular sources) and S-matrix elements, e.g. 

{Oi---On) ^ . (7.4) 

A possible analog to the decomposition ( [7.3|) is, taking for example the four-point function, 

(Oi ■ • • O4) = (OlO2)(O304) + (0lC?3)(0204) + {0^0^){020^) + (Oi • ■ ■ O^), , (7.5) 

isolating the connected piece of the correlator |T^].0 



One could also consider the option of regulating using boundary counterterms as in [25|, but 
this type of regulation was argued there to lead to boundary ghosts. 



We thank T. Okuda and J. Polchinski for conversations on this point; |10| has independently 
utilized such a subtraction. Note that, for noncompact sources one would also need an appropriate 
means to regulate this expression, since the individual terms are infinite. 
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Fig. 3: Factorization on an intermediate single-particle state. 




Fig. 4: Schematic of a possible factorization relation representing a two- 
particle cut in the bulk. 



If so, the bulk unitarity condition (|7.2|) , which can be restated as 



i(r^ -T) = T^T 



(7.6) 



should have an equivalent boundary statement that holds, at least in a good approximation, 
for these correlators. In the case of a single-particle intermediate state, say in the s-channel, 
as pictured in Fig. 3, an apparent analog can arise from the OPE: 



Indeed, related unitarity constraints on interactions were described in P,[2^. But, familiar 
bulk S-matrices also have cuts corresponding to multiparticle states. For example, in the 
case of a two-particle intermediate state, an interesting question is how a two particle cut, 
like that pictured in Fig. 4, would arise. Written in terms of boundary correlators, this is 
suggestive of a relation of the form 




(7.7) 



k 





k,l 
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expressing the correct analytic structure. A very interesting question is how such uni- 
tarity relations, and other multiparticle generalizations, could originate in an appropriate 
boundary theory. (An intermediate possibility is that such a unitarity condition can be 
formulated on a space of of "coarse-grained" states - like for example that of our boundary- 
compact states with tails - but not on fine-grained bulk states.) 

8. Summary and conclusions 

In order for AdS / CFT to give a non-perturbative definition of string theory, we need a 
prescription to compute directly in the boundary CFT physical quantities describing bulk 
physics. Since the bulk theory is gravitational, the most natural target is an approximation 
to the fiat-space S-matrix. As one might expect, extraction of a higher-dimensional S- 
matrix with the correct properties from a lower-dimensional theory is not trivial. Let us 
summarize constraints on the particular proposal of AdS/CFT. Description of an S-matrix 
requires defining appropriate scattering states, and the amplitudes for transitions between 
them. As we have seen, there are non-trivial issues with both. 

In AdS, wavepackets built from normalizable states do not asymptotically separate, 
and indeed in the free theory are periodic up to an overall phase. This hinders a de- 
scription of scattering where there is a controUably small interaction that only acts in a 
given "interaction region;" instead, amplitudes involving such states will generically receive 
contributions from scattering in an infinite number of mirror interaction regions. 

One may try to avoid these infinite interactions by producing wavepackets via sources 
at the boundary. A generic boundary source will not produce a normalizable state, raising 
both questions of how to correctly formulate unitarity of the bulk S-matrix, and again 
the possibility of unwanted interactions outside the interaction region contaminating am- 
plitudes. One approach to avoiding these difficulties is to use boundary sources that are 
compact in the large- i? limit 0. But, as we have described here and in 0,0, such sources 
do not appear to produce the kinds of wavepackets used in careful treatments of scattering 
theory, and in particular have power-law tails which limit resolution; these can be thought 
of as arising from extra contributions near zero momentum, that don't exhibit the usual 
momentum-space regularity. 

We have also found a construction intermediate between these "boundary-compact" 
wavepackets and normalizable states, the "resonant" wavepackets of section six. While 
these eliminate the unwanted tails, they require a time of order R to build up the 
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wavepacket, where they can genericaUy interact outside the interaction region, particularly 
in an image interaction region. In the absence of non-trivial cancellations, this generically 
indicates scattering amplitudes of comparable size to those for scattering in the interaction 
region, which interfere with our attempts to isolate the latter. This construction also illus- 
trates crossover between compact-support sources with tails and normalizable wavepackets 
with multiple interactions. 

In a similar construction, |]T^ have proposed use of rapidly- falling non-compact bound- 
ary sources - see their eqns. (2.9) or (2.20). If the wavefunction is interpreted to arise from 
the integral of such a function against a boundary Heisenberg picture operator in the inter- 
acting theory, passage to the interaction picture as in section three then gives an integral 
of the source against a Feynman bulk-boundary propagator, like in sections four and six, 
and thus produces a bulk non-normalizable wavefunction. Depending on further details of 
the construction, these could either have tails as described in section four, or a multiple 
interaction problem such as in section six; to be viable one would need to explicitly check 
that neither problem is present .HI They in addition face the questions of normalization 
and unitarity outlined in sections five and seven. 

Even if there were a suitable definition of scattering states, the need to recover physi- 
cal bulk amplitudes would require other non-trivial structure in the boundary theory. For 
example, |^] showed that in order to recover (approximate) bulk momentum conserva- 
tion, the boundary theory must have certain singularities when the boundary points of 
a correlator are all lightlike separated from a common bulk point. Moreover, in order to 
reproduce expected reduced transition matrix elements - for example T ~ Gs'^/t in the 
Born regime, these correlators must have certain subleading singular structure. Ref. [§ 
gave some evidence for the plausibility of these structures, but how and why they would 
emerge in appropriate boundary theories is at best incompletely understood. 

A bulk S-matrix has other crucial properties. One is unitarity, as described in section 



seven. The origin of the unitarity conditions ( |7.2| ) or ([7.6|) , which we might expect to be 
recast in "cutting" relations like ( |7.8| ), is unclear. Moreover, while we would expect such a 
boundary construction not to describe a precisely local bulk theory, it should have sufficient 



If, on the other hand, one interprets formulas of [10| to give an integral of the the Wightman 
version of the bulk-boundary two-point function against such a source (though this doesn't natu- 
raUy appear in the GKPW calculation of boundary correlators) one produces a bulk wavefunction 
that is periodic, and thus encounters the multiple-interaction problem. 



25 



approximate bulk locality to give a viable description of the kinds of phenomena we observe. 
Without a notion of local observables, there is no direct formulation of micro causality 
(commutativity of local observables outside the light cone). But, other notions of locality 
for the S-matrix include clustering and macrocausality;0 the latter states that the leading 
correction to large-distance clustering involves single-particle exchange between the two 
clusters. A good question is how these would be obtained; they appear to require a 
boundary theory to satisfy further non-trivial conditions. 

Yet another challenge is that we have dealt with light states, with masses m < 1/R. 
Generalization of our constructions faces other questions in the case m ^ - as would 
be relevant for a particle with mass of the electron in an AdS space with radius lO^'^ 
light-year! These include divergences in and greater difficulty in forming desired 

wavepackets. 

In short, while we have not proven a no-go theorem for a boundary theory to give a suf- 
ficiently close approximation to fine-grained bulk physics, the challenges appear formidable 
and possibly insurmountable. An alternative is that while AdS/CFT apparently 
provides a correspondence in an appropriately coarse-grained sense, and one incidentally 
with very interesting implications for boundary physics, it does not furnish a fine-grained 
description of bulk physics. 
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